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Abstract: The Macaulay Duration could be roughly interpreted as the percentage change of a bond
price if the shift of interest rate equals 1% along the whole zero-coupon curve; which is empirically very
rare case. To deal with the prediction of short-term rates shifts and its consequences for the whole yield
curve is more often praxis, thus it is useful to define a certain value which respects this fact and which is
handled in the same way as Macaulay Duration. We name this measure as “Short Rate Shift Duration”
and the main contribution of this study is to suggest a procedure which allows to find its values.

Keywords: Short Rate Shift Duration, conventional duration, Macaulay Duration, Short Rate Shift
Duration of portfolio, zero-coupon yield curve.

1. INTRODUCTION

rice of an asset with respect to the change of interest rates; and its price sensitivity measure-
ment is a critical issue for an assessment of market risk in case of a portfolio of interest rate
sensitive assets, such as bonds or loans.

The value of Macaulay Duration (one of the most popular quantification method for sensitivity
issues) could be roughly financially interpreted as the change of a bond price if the shift of inter-
est rate equals 1% along the whole zero-coupon curve (along the whole spectrum of maturities),
when initial price of the bond is equaled to 100%. In this case we may conclude, that the ratio
of average price changes of two assets should be approximately the same as the ratio of their
Macaulay Durations. But in financial practice this duration is problematic as the parallel curve
shift is very rare.

In the financial praxis we deal more often with the prediction of short-term rates shifts and its
consequences for the whole yield curve. Movements in short-term interest rates, as dictated by
a nation’s central bank, will affect different bonds with different terms to maturity differently,
depending on the market’s expectations of future levels of inflation. For example, a change in
short-term interest rates that does not affect long-term interest rates will have little effect on a
long-term bond’s price and yield. However, a change in short-term interest rates that affect long-
term interest rates can greatly affect a long-term bond’s price and yield. Put simply, changes in
short-term interest rates have more of an effect on short-term bonds than long-term bonds, and
changes in long-term interest rates have an effect on long-term bonds, but not on short-term
bonds. Thus, it is useful to find a certain value which represents quantification of impact of short
rate shifts to bond prices with respect to bond parameters.

The main contribution of this financial engineering study is to suggest a procedure which al-
lows to find a certain measure which can be handled in the same way as conventional Macaulay

Duration, for example: in the equation for the change of 4P, ratio of volatility of two assets, or
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in the equation for the duration of portfolio. We also calculate its values for USD interest rate
markets. We name this measure as “Short Rate Shift Duration”.

This study belongs to a strand in the financial literature focused on basic bonds behaviour such
as [1] - [5], bonds volatility [6] - [7], volatility of bonds’ determinants [8], bond market price de-
velopment over medium-run and long-run periods [9] - [13]; or behaviour of a bond portfolio [14].

There are many potential areas for application of our approach. One example being one certain
bond life during which its term to maturity is decreasing and the price volatility is changing.
One can ask a following question to be answered: How does the volatility development style
depend on the time to maturity, coupon rate and on the level of interest rate (yield to maturity)?
Because of similarities, another application is a straightforward extension, that being a portfolio
of bonds with different maturities at a certain point of time.

Serious research in the area of volatility is provided in [15] - [17] for a practical portfolio man-
agement. This text introduced a definition of three different regimes of common bond clean
price volatility and examines theoretical and practical repercussions of such phenomena as an
extension to the existing literature. A way of determining values of switching points between
these regimes with respect to the level of interest rates using numerical calculations are present-
ed and explained. The text includes numerical solving for switching points for maturities from
1 up to 1200 years that show that the switching point 1 (between regime of the “typical” devel-
opment and other regimes) is of lower value for higher maturities, which is also in accordance
with [8]. We can also state that for higher maturities the “switching” point has its practical value
within the meaning of today’s very low levels or even negative interest rates. The switching
point 2 (starting point of “inverse” volatility development) is not of value less than 50%. This
value is given by switching point 1 between the lowest maturities for each coupon. If the clean
price of a bond is developing inside the volatility envelopes, its sensitivity (volatility) increases/
decreases according to the shown shape of the envelope.

For connected research see also [18] - [25].
2. METHODOLOGY

Methodology could be divided into following steps:

1. We take USD empirical zero-coupon curve rates on daily basis (figurel).

2. Based on the empirical data we calculate the daily change of price of fixed coupon
bonds with maturities 1 to 30 years (equation 2b). The coupon is, for the demonstration,
set to be 3% p.a. To keep the same maturity of the bond while we moving day-by-day
along the time axis we consider concept of CMT (Constant Maturity Time) bonds.

3. Based on the daily price changes we calculate adequate daily Short Rate Shift Duration
in the same way as the Macaulay Duration is calculated (equation 8).

4. We define and calculate Short Rate Shift Duration as mean of daily Short Rate Shift
Durations.

5. We calculate the values of Short Rate Shift Duration for different coupons.
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2.1. Basic Theory

P(YTM) = (1+YTM %)_1 e+ o

c c + c+100 ]
YTM) = (14YTM)? (14YTM)"-1

(1)

where P(YTM) is the dirty price of a bond determined in the percentage of its face value on
purchasing day, c is the coupon rate per the coupon period, Y7M is the yield to maturity per the
coupon period, / is the number of days to the next coupon payment, 7 is the number of coupon
payments till the maturity and 7 is the number of days inside the coupon period.

In the special case when we purchase a bond on the day with zero accrued interest (could be for
example an ex-coupon day) and the clean price equals to the dirty price we can use the formula
(2a) for the approximation of the required clean price development.

c+100

= C C cee
P(YTM) = (1+YTM) + (1+YTM)?2 + (1+YTM)™ (22)
We may consider the total price also to be the sum of total prices of n zero-coupon bonds
PR . c c c+100
Py, e tmat) = s Y gy T Gaiaor (2b)

where i, i,,... i are zero-coupon rates for maturities 1,2,....years and all other variables have

the same interpretation as in equation (1).

Based on the Taylor’s theorem for a real-valued function differentiable at the point, there is a
polynomial approximation of a higher degree (quadratic, cubic, quartic...) at the fixed-point.
Taylor’s theorem provides this approximation in a sufficiently small neighbourhood () of the
fixed-point a:

fla+h) = f@+f'@h+ P L L0 4 G

where formula (3) is applied to formula (2a) and with the substitution: / for Ai and f{a) for P.
Consequently, it can be shown that, the expression (4) holds:

n 2 nr 3
AP(YTM) = P'(YTM)AYTM + 2 DA o P OTIAI 4 .. 4 R @)

where is the remainder of the series and is the change in the market interest rate.

Using the formula (4) for AP (as percentage of its face value) as the general measure of volatility
and only up to the second order approximation:

P(YTM)
(1+YTM)

AP(YTM) = —DURy ¢ AYTM + %P(YTM)CONVAYTMZ )

where DUR,, .is the Macaulay Duration and the term CONV stands for the convexity of the

bond. Macaulay Duration can be specified using the following shorthand notation:

_ k=1 (1+YTM)K
DURpac = -

kc ,__1oon
] T (A+YTM)™ (6)
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2.2. Short Rate Shift Duration on Daily Basis

Using empirical data (figurel) we may calculate Short Rate Shift Duration on daily basis using
the first term of the right side of the equation (5)

4000

20 6000

8000
Maturity(years) 30 10000 Time(days)

Figure 1: USD zero coupon yield curve development

DURggs, (mat, d,YTM) = — %Aﬁj—;; 7
where
DUR,, ,(mat,d,YTM)  Short Rate Shift Duration on daily basis as function of maturi-
ty, day, yield to maturity (Figure 1)
YTM yield to maturity
AYTM change of YTM of the short term rate (1 year)
mand, price of bond with respect to its time to maturity and the struc-

ture of zero coupon curve on day d
AP ) change of price between d and d-/ (according to Figure 1)
number of days (from the beginning of time series, Figurel )
2.3. Short Rate Shift Duration Definition
Let’s define Short Rate Shift Duration like mean value with respect of d
DURsgs = E[DURsgs q(mat,d,YTM)] ®)

2.4. Short Rate Shift Duration of Portfolio

With Short Rate Shift Duration we may deal in the same way as with Macaulay Duration and
express Short Rate Shift Duration of portfolio:

DURggs porrF = 2}21 Ww;DURggs j )

Where W, is the weight of jth asset in the portfolio.
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3. RESULTS

We may observe many cases, by the way of example in the figure2, of inverse shifts along ze-
ro-coupon yield curve which could decrease the change of price in case of typical coupon bond
in comparison to our estimation using Macaulay Duration, which use the same shift along the
whole curve.

0 R
0 5 10 15 20 25 30

Maturity(years)

Figure 2: Inverse interest rate shift example

Day to day price shifts (30- and 1-year maturities) according to figure 1 we may observe in the
figure 3.

delta P(30) and delta P(1), coupon[%]: 3

5 : R
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Time(days)

Figure 3: 30 and 1 maturities bond price shifts
The average ratio of day to day price change is in the figure 4. According to Macaulay Duration,

the ratio of price changes should be approximately equaled to the ratio of Macaulay Durations.
From the figure is clear that beginning maturity higher than Ssuch idea does not work.
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A;lerage value of delta P(1-30)/delta P(1), coupon|

0 5 10 15 20 25 30
Maturity(years)

Figure 4: Average value of ratio of prices shifts
Ratio of inverse price shifts over all the shifts is in the figure 5. From the figure it is clear that ap-

proximately in 30% cases the change of price of long fixed coupon bond (longer than 10 years)
goes in the opposite direction than the price movement of on year bond.

Rati of inverse price
0.25 -
0.2
0.15
0.1

0.05 |-

0 5 10 15 20 25 30
Maturity(years)

Figure 5: Ratio of inverse price shifts
This is also the reason of the degressive shape of the curve in the figure 4. In the figure 6 there

is ratio of change of price for different maturities. Values of Short Rate Shift Duration in com-
parison to Macaulay Duration is in the figure 7.

Dependence of Short Rate Shift Duration on coupon rate and maturity is in the figure 8. With

higher coupon the value is lower. The same feature we observe in case of Macaulay Duration.
Exact values are in the table 1.
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Average value of delta P(A)/delta P(B), coupon[%]: 3
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Figure 7: Empirical and Macaulay Duration (coupon=3)

Table 1: Short Rate Shift Duration, USD

MAT\COUPON 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 1,99 1,98 1,97 1,96 1,95 1,94 1,94
3 2,97 2,94 2,91 2,89 2,86 2,84 2,82
4 3,94 3,88 3,82 3,77 3,73 3,68 3,64
5 4,89 4,79 471 4,63 4,55 4,49 4,42
6 5,83 5,69 5,56 5,44 5,34 5,24 5,16
7 6,76 6,56 6,38 6,22 6,08 5,96 5,85
8 7,67 74 7,17 6,97 6,79 6,64 6,51
9 8,57 8,22 7,92 7,68 7,47 7,28 7,12

10 9,45 9,01 8,65 8,35 8,1 7,89 7,7
11 10,3 9,77 9,34 8,99 8,7 8,46 8,25
12 11,14 10,5 10 9,6 9,28 9 8,77
13 11,96 11,2 10,63 10,18 9,81 9,52 9,26
14 12,75 11,88 11,23 10,72 10,32 10 9,73
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MAT\COUPON 1 2 3 4 5 6 7
15 13,52 12,52 11,79 11,24 10,81 10,46 10,17
16 14,27 13,13 12,33 11,73 11,26 10,89 10,59
17 14,99 13,72 12,84 12,19 11,7 11,3 10,98
18 15,69 14,28 13,32 12,63 12,1 11,69 11,36
19 16,36 14,81 13,78 13,04 12,49 12,06 11,72
20 17,01 15,31 14,21 13,43 12,86 12,41 12,06
21 17,62 15,78 14,61 13,8 13,2 12,75 12,38
22 18,22 16,23 15 14,15 13,53 13,06 12,69
23 18,78 16,66 15,36 14,48 13,85 13,37 12,99
24 19,32 17,05 15,7 14,79 14,14 13,65 13,27
25 19,84 17,43 16,02 15,09 14,43 13,93 13,54
26 20,32 17,79 16,33 15,37 14,7 14,19 13,8
27 20,79 18,12 16,61 15,64 14,95 14,45 14,05
28 21,22 18,43 16,88 15,89 15,2 14,69 14,29
29 21,64 18,73 17,14 16,13 15,43 14,92 14,52
30 22,03 19,01 17,38 16,36 15,65 15,14 14,75

Short Rate Shift Dur./coupon/maturity, USD

Coupon 0 o Maturity(years)

Figure 8: Short Rate Shift Duration/coupon/maturity

The comparison of zero coupon-bond Short Rate Shift Duration and of Macaulay Duration,
which is straight line, is in the figure 9.

Sh%t Rate Shift Dur.(thick line) and Macaulay’s duration, coupon[%]: 0
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Figure 9: Zero coupon-bond Short Rate Shift Duration and its Macaulay Duration
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4. CONCLUSION

We may conclude that the question formulated in the title has negative answer. Typical one,
among conventional durations, is Macaulay Duration. Its main problem is, that it assumes the
parallel zero-coupon curve shifts along the whole curve which is not realistic presumption.

In this research we have defined and also quantified (for USD zero-coupon rates) a new dura-
tion — Short Rate Shift Duration which is based on the empirical development of zero-coupon
curve. Short Rate Shift Duration is a certain measure which can be handled in the same way as
conventional Macaulay Duration, by the way of example: in the equation for the change of AP,
ratio of volatilities of two bonds, or in the equation for duration of a portfolio.

As the curve movements are in approximately in 30% of all the cases inverse, we expect the
price volatility of fixed coupon bonds with long maturities to be lower than it should be accord-
ing Macaulay Duration. Values of Short Rate Shift Duration, which is basically quantification
of such effect, have supported these expectations. The value of Short Rate Shift Duration also
decreases with higher coupon and increases with longer term to maturity as in the case of Ma-
caulay Duration.

Based on the reasons above we may conclude that long bonds (over 20 years to maturity) are
not as risky as it is considered to be based on Macaulay Duration, in comparison to the short
bonds. On the other hand, based on figure 9 or 7 it is possible to conclude that bonds within the
maturity up to 15 years are more sensitive to the change of short rate in comparison to Macaulay
Duration concept.

The values of Short Rate Shift Duration are based on empirical data of zero-coupon rates for
certain currency.
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